In this present investigation, we introduce the new class R µ,ρ Σ,γ p of bi-univalent functions defined by using the Tremblay fractional derivative operator. Additionally, we use the Faber polynomial expansions and Fibonacci numbers to derive bounds for the general coefficient |an| of the bi-univalent function class.
Introduction, Definitions and Notations
Let C be the complex plane and U = {z : z ∈ C and |z| < 1} be open unit disc in C. Further, let A represent the class of functions analytic in U, satisfying the condition f (0) = f ′ (0) − 1 = 0.
Then each function f in A has the following Taylor series expansion f (z) = z + a 2 z 2 + a 3 z 3 + · · · = z + ∞ n=2 a n z n .
The class of this kind of functions is represented by S.
With a view to reminding the rule of subordination for analytic functions, let the functions f, g be analytic in U. A function f is subordinate to g, indited as f ≺ g, if there exists a Schwarz function
c n z n (̟ (0) = 0, |̟ (z)| < 1) ,
analytic in U such that f (z) = g (̟ (z)) (z ∈ U) .
For the Schwarz function ̟ (z) we know that |c n | < 1 (see [9] ). According to the Koebe-One Quarter Theorem, every univalent function f ∈ A has an inverse f −1 satisfying f −1 (f (z)) = z (z ∈ U) and f f −1 (w) = w |w| < r 0 (f ) ; r 0 (f ) ≥ 1 4 , where
A function f ∈ A is said to be bi-univalent in U if both f and f −1 are univalent in U. Let Σ denote the class of bi-univalent functions in U given by (1) . For a brief historical account and for several notable investigation of functions in the class Σ, see the pioneering work on this subject by Srivastava et al. [20] (see also [6, 7, 14, 15] ). The interest on estimates for the first two coefficients |a 2 |, |a 3 | of the bi-univalent functions keep on by many researchers (see, for example, [4, 12, 13, 16, 21] ). However, in the literature, there are only a few works (by making use of the Faber polynomial expansions) determining the general coefficient bounds |a n | for bi-univalent functions ( [5, 10, 11, 17] ). The coefficient estimate problem for each of |a n | ( n ∈ N\ {1, 2} ; N = {1, 2, 3, ...}) is still an open problem. Now, we recall to a notion of q-operators that play a major role in Geometric Function Theory. The application of the q-calculus in the context of Geometric Function Theory was actually provided and the basic (or q-) hypergeometric functions were first used in Geometric Function Theory in a book chapter by Srivastava [18] . For the convenience, we provide some basic notation details of q-calculus which are used in this paper.
From (3), we deduce that
In this paper, we study the new class R µ,ρ Σ,γ p of bi-univalent functions established by using the Tremblay fractional derivative operator. Further, we use the Faber polynomial expansions and Fibonacci numbers to derive bounds for the general coefficient |a n | of the bi-univalent function class.
Preliminaries
By utilizing the Faber polynomial expansions for functions f ∈ A of the form (1), the coefficients of its inverse map g = f −1 may be stated by [2, 3] :
where
is a homogeneous polynomial in the variables a 2 , a 3 , ..., a n . In the following, the first three terms of K −n n−1 are stated by
In general, the expansion of
..) and by [1] ,
while a 1 = 1, the sum is taken over all nonnegative integers δ 1 , ..., δ n satisfying
The first and the last polynomials are
It is well known that
Definition 3 A function f ∈ Σ is said to be in the class
if the following subordination relationships are satisfied:
where the function g is given by (2) and
Remark 4
The function p (z) is not univalent in U, but it is univalent in the disc |z| < Additionally, Dziok et al. [8] indicate a useful connection between the function p (z) and the Fibonacci numbers. Let {Λ n } be the sequence of Fibonacci numbers
If we set
then the coefficients p n satisfy
Specializing the parameters γ, µ and ρ, we state the following definitions.
Definition 5 For µ = ρ = 1, a function f ∈ Σ is said to be in the class R Σ,γ p (γ ∈ C\{0}) if it satisfies the following conditions respectively:
where g = f −1 .
Definition 6
For γ = µ = ρ = 1, a function f ∈ Σ is said to be in the class R Σ p if it satisfies the following conditions respectively:
Main Result and its consequences
Proof. Let f be given by (1) . By the definition of subordination yields
and
Now, an application of Faber polynomial expansion to the power series R µ,ρ Σ,γ p (e.g. see [2] or [ [3] , equation (1.6)]) yields
In particular, the first two terms are,
γ(ρ+1)(ρ+2) a 3 . By the same token, for its inverse map g = f −1 , it is seen that
Next, the equations (6) and (7) lead to
Comparing the corresponding coefficients of (6) and (7) yields
n γ a n = p 1 t n−1,
For a m = 0 (2 ≤ m ≤ n − 1) , we get b n = −a n and so
Now taking the absolute values of either of the above two equations and from (4), we obtain |a n | ≤ |γ| |τ | Γ(µ + 1)Γ(n + ρ) nΓ(ρ + 1)Γ(n + µ) .
Proof. Substituting n by 2 and 3 in (8) and (9), respectively, we find that
Obviously, we obtain
If we add the equation (13) to (11) and use (14), we get
Using the value of t 2 1 from (10), we get 6(µ + 1)(µ + 2)
Combining (16) and (4), we obtain
It follows from (10) that
Additionally, by (4) and (15) 6(µ + 1)(µ + 2)
Since p 2 > p 1 , we get
Next, in order to derive the bounds on |a 3 | , by subtracting (13) from (11), we may obtain
Evidently, from (15), we state that .
Since p 2 > p 1 , we must write |a 3 | ≤ |γ| τ 2 (ρ + 1)(ρ + 2) (µ + 1)(µ + 2)
.
On the other hand, by (4) and (18), we have 6(µ + 1)(µ + 2) |γ| (ρ + 1)(ρ + 2) |a 3 | ≤ 6(µ + 1)(µ + 2) |γ| (ρ + 1)(ρ + 2) |a 2 | 2 + p 1 (|t 2 | + |s 2 |) ≤ 6(µ + 1)(µ + 2) |γ| (ρ + 1)(ρ + 2) |a 2 | 2 + 2 p 1 1 − |t 1 | 2 .
Then, with the help of (10) 
